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Abstract

The mod 2 cohomology of the real flag manifoldF(n, ny, -+, n;,) is known
to be isomorphic to a polynomial algebra modulo certain ideal. In this paper,
the Groebner bases for these ideals are obtained in the case of the real flag
manifold F(1,1,1, m — 3)We further apply the reduced Groebner bases to
compute the height of the cohomology classes and determine which of the
classes vanish.
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Introduction

Given a sequence of positive integers n;, ny, ---,n; the real flag manifold
F(ny, ng, -+, my), k> 2 is defined as the set of flags of type (nq, ny, -,
n,) in R" where m = (my, ny, -, ny) is a k-tuple(V{, ¥, ... .,y of
mutually orthogonal subspaces in R such that dim (V]) = n;.

The real flag manifold F(n;, ny, ---, n;) consists of all flags of type ( n;,
ny, -+, 1y, ) which can be naturally identified with the homogeneous space

O(m)
Any) x O(n) x - O(p)

This is a generalization of the Grassmann manifold F(n,, ny) of n; planes
in R". Whenn; =ny = --- =n;, = 1, the corresponding manifold is called
the complete flag manifold of length m. Flag manifolds are important and

arise naturally in many areas of study like differential geometry,
representation theory and algebraic geometry. The Grassmann manifold are
central objects in geometry and topology. By Borel’s description Borel
(1953), the mod-2 cohomology algebra of F(ny, ny, -, ny) is the
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polynomial algebra in Stiefel-Whitney classes of canonical vector bundles
Yy > ¥y -1 over F(ng, ng, -, ny) modulo the ideal I,
generated by the dual Stiefel-Whitney classes.

However, this description does not provide an efficient algorithm for
deciding whether a certain polynomial in these Stiefel-Whitney classes is
the zero cohomology class or not. The determination of non-vanishing
Stiefel-Whitney classes is very important in the study of vector fields, non-
immersion and non-embeddings in R™ and the cohomology height of
manifolds.

Interestingly, the method of Groebner bases is applicable in calculating
the cohomology of manifolds as a quotient of a polynomial algebraPetrovic
and Prvulovic (2011) and Petrovic, Prvulovic, Radovanovic, (2013) determined
the cohomology of various Grassmann manifolds using Groebner basis as
tools while Shimkus (2010) used Groebner bases to obtain a simple
description of the cohomology of incomplete flag manifold of length 2,
H*(F(1,1, n — 2, %) for certain n and their nonimmersion results.

The combinatorics tools of Groebner bases will be adopted to compute
the ideals 1, ,, .., generated by the dual Stiefel-Whitney classes forn, =
ng = -+ = n; = 1. The main results are the exhibition of the reduced
Groebner basis for I, ,,, ...,,, and its application on the cohomology height
of the manifold.

In section 2 we give some preliminary purely algebraic results on
Groebner basis and cohomology of flag manifolds. The section will begin
with some basic concepts from the theory of Groebner bases and delve
extensively into relevant ideas and point out a few elementary facts that will
be used in proving our results. The reduced Groebner bases for ideals
L, nyn, Will be constructed in section 3, for all m > 4and an additive
bases for the cohomology algebra H*(F(1,1,1, n — 3, %) will be given.
We used these Groebner bases to determine the height of the cohomology
classes.

15102, N

Preliminaries and Definitions
The incomplete real flag manifold of length r,

N O(m)
T O1) x ... x O(1) x O(m —r)

r—times

F(1,1, .1

N m—r)

r—times
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is a smooth, connected, compact homogeneous manifold of dimension

2t (Ajayi (2001). Thus F(1,1,1, n — 3 is of dimension 3(n — 2).

Let & be a field and k[ 23, %, -, ;] be the polynomial algebra im

indeterminates. A monomial in the variables x;, %, -, 3, is a power
product ', ... ,x," where a; >0 for i =1, .., nThe set of all
monomials is denoted by M. A term ink[ x, %, - , ] is a product of 5 €
k  andm € M. Thus a polynomialf € k[ z, %, -+, 3] is defined as
'
f=> Bim

i=1

where m; are pairwise different monomials and §; € k{0}. The real flag
manifold F(1,1,1, m — 3, m > 4is a manifold defined as the set of flags
of type (1,1,1, m — 3) of mutually orthogonal subspaces in R" .

The manifold structure is obtained from the natural identification

3 O(m)
FULLL =3 = oy e am A = Om — 3

Over this manifold are subspaces(l; , 4, &, V), where [; ‘s are mutually
orthogonal lines through the origin in R" ,and V is the (m - 3)-
dimensional subspaces of R™, orthogonal to [, , §, and & .

Results

The aim here is to compute a Groebner basis for the ideal [ ;,, 3 . All
computation will be in modulo 2. Given any «, 8 € Z the binomial
coefficient is defined by

a  aola—=D.. (a—B+1)
(E)—{

6>01
=00 <0

(see Radovanovic (2016)). The formula
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For F(1,1,1, m — 3 m > 3,it is well known that the (mod 2) cohomology
algebra is isomorphic to the quotient algebra Z[z, %, %]/ 11,3
(Ajayi, 2001). Also, by Borel’s description (Borel, 1953) the mod 2
cohomology algebra of F(1,1,1, m — 3 is the polynomial algebra on the
Stiefel-Whitney classes, wherex;, 3, % € 'H(1,1,1, m — 3 are Stiefel-
Whitney classes of three canonical line bundles -~ , %,
over F(171717 m — 37that iS, r = (,11(’}/1), T3 = W(VZ)a F =W (73) .
ThUS, Il,l,l,m73 = (Zm+17 m+2s Zn+3) is the ideal in Z2[£U17 5, ﬁo]s
generated by the dual classes z,, 1, %,12, %ni3-

These dual classes are the dual to the Stiefel-Whitney classes of the
Whitney sum of the three canonical line bundles, which are obtained from
the equation

It+a+m+n)(ltn+nt+n) =1

or

A4+m+n+zm)=(1+g+n+z)"

that is,
lta+p+at-=0+3)"(1+n) (1 +5)"
Putting,
L1 = A, Lo =2, F=3
Then,

l+a+s+5+ -
=l +a+a’+a’+)1+s+a’+a°+ )01
+ @+ 3+t )

That is,

l+4+s5+ 5+
=1+(2 +n + 1)
(1 + oy + may + g+ p° 4 5?)
+ (23 + %00 + 123 + yan? + mas? + pleg + 38
+ 3 + gaywy)
+ (2 + @23 + 123 + 1wy + g2 + 1iay?
+ @aiey + yaas® + plry + s’ + play + pa®)
+ cee
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By identifying the homogenous parts of (cohomological) degree r in the
equation above, we obtain the following proposition:

Proposition 3.1: In cohomology dimension » > 1 we have the equality
2, = Z T r—t Ts t—k l.?’k
0<k<t<r

Clearly, z. (n + 1 < r < n + 3]s the complete homogeneous symmetric
polynomial of degree r in the variables z;, %, .

That is,

Where

k=0

Therefore, the ideals generated by
Liim3 = (Zm+1> %42y Zn43)

are given as follows:
o =" g A+ " A+ afh+
Znt2 = T Zpg1 + .}fL+2
Zp43 = T Zpqa + fiy3-

Recall: A finite subset G = {q, ... , 4 of an ideal/ is said to be a Groebner
basis if

Corollary 3.2: Fix a monomial order. Then every ideal I C k[, ...,z
other than {0}has a Groebner basis. Furthermore, any Groebner basis for
an ideal 7 is a basis of .
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To produce a Groebner basis, we extend the original generating set to a
Groebner basis by adding more polynomials in/. These polynomials are the
remainders after dividing the S polynomials through the generating set. This
remainder becomes a new generator.

Thus the ideal I, 1 1 ,,,—3 = (241, %n+2s 4n+3) is extended to Groebner
basis by computing the S polynomial of each pair. Let us define the initial

G ={%11: 512, %13}

and test if the set is a Groebner basis; if not, we get it improved till the set
satisfies the required criterion.

To compute the S polynomial of (2,1, %.2) , we note that the leading
monial in 2, ,; = ;"™ and that of 2, ,; = ;"™ and by definition of least

common 1‘1‘101’101’1‘11&15, W = n+2‘
n+2 n+2
I

!
S(Zns1s #42) = W(Znﬂ) + W(an) = 3(2n11) + 2042

- ﬁz+2 .
Then, S(z,:1, %12) —g foio

so we add f,,» to G'to obtain a new set,
G = {zn+1> %425 %43y heo b

Obviously,
S(Znt1s 542, faa) —x 0

To compute the S polynomial of (z,.,9, 7,3), we note that the leading
monial in z,,5 = 2;""2 and that of z,,, 3 = ;"™ and by definition of least
common multiples of monomials, w = x;""3

x1n+3 T n+3
S(Zns2y #43) = W(znw) + W(Z”+3) = 3(2p12) + 243
- Jf1+3

Thus,
S( Zn+2 ’;H*?)) —tﬁ fn+3

soweadd f_ 3 to Gto geta new set,
G = {2ns15 5425 243, Fr2s Fes b
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ObViOUSIYa S<Zn+27 %Jr?)) —Cz 0

To compute the S polynomial of (2,1, z43), w = ;"™
x n+3 x n+3 )
S(znt1, 2ts) = —xlnﬂ (Zn41) + —1‘1"+3 (Zn43) = %7 (Zpg1) + 2043

= fur2 + s
Thus, S(2,+1, %43) — 0

Considering  the  pairs (2,41, f12);(2ns2, fiv2), ( 243, f42) and
(2415 £43)5 (Zns2s £43), ( %43, f13), the ged of the leading terms of
each pair is 1, thus by earlier proposition,

S(zpi1s o) = S(Znsa, £12) = S( 543, fi2) — O

S<Zn+17 J17:+3) = S(Zn-‘r% ﬁ+3) = S( 2435 ‘ﬁ+3) _G§ 0

For the S polynomial of (f, ., fi3), w = 22" ,
x2n+3 x2n+3
S(fur2s fivs) = :En_+2(f"+2) + N—Jrg(fws) = 3(for2) + fiys
— azn—&-S ] 2

3

Thus, S(f,10, fi3) —g ¥3""

and adding 23”3 to G, gives a new set,

G?z = {Zn%ila 4425 H+3 .ﬁ+27 .ﬁ+37 B
with S( 12, f13) — 0.

n+3 }

Thus the algorithm terminates and we have

G?) = {zn+1a f425 4+3 .ﬁ+27 ﬁ+37 :@n+3 }

as the Groebner basis.

However, from results on Groebner basis (see Becker and Weispfenning,
1993) and definition of reduced Groebner basis, some of these bases are
redundant and removing them will not affect the set. The leading terms of
Zn4o and z,,3 are multiples of the leading term of z,,,, so we can drop
Zn4o and 2, 3 from the list. Similarly the leading term of f,,, 3 is a multiple
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of the leading term of f, o, so f,,3 is removed from the list. This process
leads to the set

G :{ZTH-l? ﬁ+27 a?)nJrB }

n+3

This implies that the ideal generated by 7,1, f.2, ® coincides with

the ideal
Il,l,l,m—3 = (Zm+1> m+25 Zm—i—3>

that is the set

{zn-i-l; ﬁ—i—?a %‘)nJrB }

is a basis for [ ;1 ,_3.

Let < be the lexicographic term ordering (lex ordering) in %[z, %, %]
with z; > @ > 23 such that z;%2z,%237 < 13%2,%25¢ if and only if o <
aorelsea = aand f < b

Theorem 3.3: The Theset {z,.;, f.o, "™ }is the reduced Groebner
basis/, ; ; ,—3 with respect to the lexicographic ordering < .

Proof: It is clear that the leading terms of 2, 1, f.o, ™" are LT(2,.1) =
" LT(for2) = 22" LT(x3"™) = 23" respectively. Thus,

ged(z ", 12, 5™3) = 1. So the conditions are satisfied.

Next, we show thatg; C 11,3 0 < @ < n +,2where G = {g g,

“, #+2} . It is obvious that z,.; € f;,,_3, and we now show
that f,.o, 3" € Liin-3 -

Recall that from equation above,
T (Zn41) + 242 = Jogo-

This implies that
Jatr2 €< 241y H42 >€ h11n-3

Also,

1,3’n,+3 = <Qn+2 + ® (fn—l—?)) = (qn+2) + % (xl (Zn+1> + %/14‘2)

= (5171 + ) )Zn-i-Q + T To (Zn-i-l))
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This implies that
23" €< 21, Hve >€ K113

Therefore,
< Zuils Ares aas > = < gp1s fo, BT >

Once a Groebner basis G for an ideal in the polynomial algebra is obtained,
an additive basis for the quotient algebra could be formed by taking all terms
(more precisely, their classes) which are not divisible by any of the leading
terms in G (see Buchberger, (1976) and Cox, Little, O’Shea (2012)). Since
the leading terms LT, ;) = ;""" , LT(f, o) = 2,""? LT(x3" ") =
23" and the term 1z, 2,225 is not divisible by any of the leading
terms LT(g;) ifandonly ifa; < n + ¢ —forall ¢ = {1,2, 3}.

Corollary 3.4: If =, %, % € HW(1,1,1, m — 3 are Stiefel-Whitney
classes of three canonical line bundles v, , %, % over F(1,1,1, m — 3,
then the set {acla1 To®x3| oy < m + i —} ik a vector space basis for
H(F(1,1,1, m — 3, 3).

An example is given to illustrate the use of Groebner bases.

Example 3.5: The height of a cohomology class o, denoted by ht(o), is the

maximum m such that o™ = 0. By the previous corollary, ;"' = 0in
H(F(1,1,1,m — 3, %) .

Proposition 3.6: Every cohomology class 0 € H*(F(1,1,1, m — 3, %)
can be written in the form o =>1, x;'p;(z9, B) where p,(z,, ) are
polynomials in variables x5,  only. Moreover, ¢ = 0if and only if
p{zo(xi, %):Oﬁinzz[%, s, 8]/(G) = HF(1,1,1, m — 3, 3),foralli =

Now gy = z,4; is an element of the ideal;;;,,_3 $0,2,,1 =0 in
H(F(111,m — 3, %) = %21, ®, 3] /h11m3. By the earlier
Proposition,
=" " Ao h S+ S =0
= ="+ h+ e+ af +
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Since the leading term LT(z, ;) = ;™" is a sum of finite basis elements
and by the last Proposition, we conclude thatz;"** = 0. Hence, the height,
ht(zy) = n +.1

For f,. , whose leading term is 2,""? , in a similar way, and by the last

Proposition, the height, ht(z5) = n -+ dince f, 5 is also a sum of finite
basis elements, while the ht(z3) = Gince 23" € Fi1m—s.
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